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1. Introduction 
Let f  be a real valued convex function defined on the interval ],[ ba . Then  
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is known as Hadamard’s inequality for the convex function. [1] 
If  )()()( xvxuxf   and )(),( xvxu are convex functions then we have 
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by Hadamard inequality. 
 
Therefore by Cauchy-Scwartz inequality  
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the  inequality  
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holds. 
 
Note that if )(),( xvxu are convex functions, then the function )()()( xvxuxf   may not 
be convex function. 
 
Example1.  22 )1()(,)( xxvxxu   are convex functions defined on ]1,0[ , but  the 
function 2222 )()1()()()( xxxxxvxuxf   
is not  convex function on this interval. In fact, the first and second 
derivatives )(xf  , )(xf   of  )(xf  can be calculated by the formula 
)(4)12(2)( 22 xxxxf   
 Therefore we have 1
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It means that the function )()()( xvxuxf  is not convex function on the interval ]1,0[ . 
 
 
            Example2.  For the convex functions 22 )1()(,)( xxvxxu   defined on ]1,0[  we have  
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Hence the Hadamard inequality 
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            for the non-convex function )()()( xvxuxf  does not hold.  
            On the other hand, since 
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the inequality 
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holds. It means that although the function )()()( xvxuxf   is no convex function we 
have that the inequality (4) is true for these functions. 
Our aim is to investigate the inequality (4) when )()()( xvxuxf   is non-convex 
function. 
 
  
2. Main results 
Our main result is the following theorem. 
Theorem. Let )(xu and )(xv are nonnegative convex functions defined on the interval 
],[ ba . Then the inequality (4) holds. 
To prove of the theorem we need the following lemma. 
Lemma. Let )(xu is a nonnegative convex function defined on the interval ],[ ba . Then 
the function )(2 xu  is also convex function on the interval ],[ ba . 
Proof. For arbitrary ],[, bayx   and ]1,0[k  we have  
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)()()()(2 22 yuxuyuxu          (5) 
Multiplying both sides of the inequality (5) by )1( kk   we get 
)()1()()1()()()1(2 22 yukkxukkyuxukk   
Therefore 
)(])1()1[()()()()()1(2 2222 yukkxukkyuxukk   
)()1()()1()()()()()1(2 222222 yukyukxukxkuyuxukk   
Hence 
)()1()()()1()()()1(2)( 222222 yukxkuyukyuxukkxuk   
)()1()()]()1()([ 222 yukxkuyukxku       (6) 
Since )(xu is a nonnegative convex function we have 
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22 )]()1()([))1(( yukxkuykkxu        (7) 
From (6) and (7) we get  
)()1()())1(( 222 yukxkuykkxu        (8) 
The inequality (8) proves that the function   )(2 xu  is a convex function. 
 
Proof of the theorem. 
By the lemma the functions )(2 xu  and )(2 xv are convex functions. By the Hadamard 
inequality for these functions we have 
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Multiplying the inequalities (9) and (10) we get 
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By Cauchy-Scwartz inequality  
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          Hence by (11) and (12) we get  
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           The last inequality means that the inequality (4) holds. 
 
         Example3. Prove the inequality 102
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         Solution.  Since  the functions 8sin)(  xxu  and 
x
xv
1
)(   are nonnegative convex   
          functions on   2,  we have by inequality (4) 
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


4
5888sin1 22
2



 dxx
x
 
        Therefore 
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  is not a convex function on   2, . 
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